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1 Introduction

Network formation is a central problem in network economics. From the econometric per-
spective, the goal is to identify and estimate structural parameters in a model where agents
are heterogeneous and strategically interdependent when making linking decisions. Substan-
tial progress has been made on models with either unobserved heterogeneity or strategic
interdependence, but combining both features in a tractable framework has remained an
open problem.

This paper develops a tractable identification approach for strategic network formation
models with unobserved individual fixed effects. We consider a latent utility framework where
the formation of a link between agents ¢ and j depends on observed dyadic characteristics,
individual fixed effects that capture unobserved degree heterogeneity (such as sociability
or popularity), and idiosyncratic pairwise shocks. The link formation decision is allowed
to depend on endogenous network statistics arising from the equilibrium of the network
formation game, such as the number of common friends between ¢ and j. This accommodates
strategic complementarities and other forms of link interdependence that are relevant in many
economic applications.

The main methodological challenge is that the mapping from model primitives to equi-
librium network structure is generally intractable. In strategic network formation games, the
equilibrium network depends on the entire profile of agent characteristics, fixed effects, and
shock realizations through complex equilibrium conditions. This gives rise to at least three
difficulties. First, the space of possible network structures is a discrete space with a combina-
torially overwhelming number of elements!, making it very hard to handle both theoretically
and computationally. Second, solution concepts for network formation problems (such as
pairwise stability) usually do not have uniqueness properties, and sometimes the number of
equilibria can be very large (de Paula, 2020). Third, iterative procedures are in general not
guaranteed to converge to an equilibrium network even when such an equilibrium does exist
(Jackson and Watts, 2002). Consequently, characterizing the equilibrium mapping, let alone
inverting it for identification purposes, is typically infeasible, except in very simple special
cases.

This intractability has led the existing literature to either (i) focus on models without
strategic interdependence, such as in the seminal work by Graham (2017) and follow-up
work by Gao (2020) and Gao, Li, and Xu (2023), or (ii) study strategic models under

restrictions that eliminate or simplify the role of unobserved heterogeneity (Mele, 2017;

IFor a standard illustrative example: there are 243 possible (undirected and unweighted) network struc-
tures on a set of 30 agents.



de Paula, Richards-Shubik, and Tamer, 2018; Sheng, 2020).

Our approach avoids the need for equilibrium characterization by exploiting monotonicity
restrictions to obtain identifying information without knowing the form of the equilibrium
mapping. The technique, which we call “bounding by ¢,” treats endogenous covariates as
random variables and uses indicator function arguments to derive bounds on structural
parameters that hold regardless of the equilibrium realization. This approach builds on and
extends ideas from Gao and Wang (2026), who developed similar techniques for dynamic
panel data models under a partial stationarity condition.

Based on our key technique, we derive a system of identifying restrictions based on differ-
ent subnetwork configurations. Our primary restrictions exploit tetrad configurations, i.e.,
sets of four agents with a particular pattern of links, to difference out all individual fixed
effects simultaneously. The resulting bounds depend only on the distribution of idiosyncratic
shocks, which can be aggregated into identifying restrictions on the model parameters under
a standard independence assumption on the idiosyncratic shocks. We also complement the
tetrad restrictions with two additional types of restrictions: (1) “incomplete differencing”
restrictions, such as triad-based restrictions, that do not eliminate all fixed effects but nev-
ertheless provide identifying information, and (2) “cyclically differencing” restrictions that
involve longer cycles of links than those in a tetrad.

Beyond partial identification, we establish conditions under which the structural param-
eters are point identified. When the pairwise shocks follow a logistic distribution and the
endogenous covariates are bilinear in link outcomes—as in the common-friends statistic—we
show that a log-odds ratio of tetrad probabilities, conditioned on diagonal link absences
that isolate the endogenous covariates from the tetrad shocks, identifies a linear index of
the structural parameters. The fixed effects cancel algebraically through tetrad differenc-
ing, while the endogenous covariates decouple through the isolation conditioning; these two
mechanisms operate independently. The resulting identification equation leads to a compu-
tationally simple conditional logit estimator that accommodates both endogenous network
statistics and unobserved individual fixed effects, generalizing the tetrad logit of Graham
(2017) to settings with strategic link interdependence.

We report a preliminary simulation exercise illustrating the finite-sample performance of
the proposed identifying restrictions. We simulate networks under nested specifications that
progressively add fixed effects and an endogenous covariate capturing local network structure,
and compute the resulting identified set using the tetrad inequalities. The results show that
the restrictions can deliver nontrivial bounds on the strategic-interaction parameter even
in the full model with endogenous covariates and fixed effects. A larger-scale Monte Carlo

study is under investigation.



Related Literature

This paper relates to several strands of the econometric literature on network formation; see
de Paula (2020) for a recent survey. The first strand concerns dyadic models with unobserved
heterogeneity but without strategic interdependence. Graham (2017) introduced the tetrad
logit estimator, which differences out additive fixed effects by comparing link patterns across
tetrads of agents. This approach achieves point identification of homophily parameters
under a conditional logit specification. Gao (2020) extended these ideas to nonparametric
identification of the homophily effect function, while Gao, Li, and Xu (2023) developed logical
differencing techniques for settings with non-transferable utilities where bilateral consent is
required for link formation. Our paper builds on these ideas but generalizes the setting by
allowing endogenous covariates arising from strategic interaction.

A complementary line of recent work develops general fixed-effects methods applicable
to network data. Bonhomme and Dano (2023) extend the functional differencing approach
of Bonhomme (2012) from panel data to network settings, deriving moment restrictions on
model parameters that hold regardless of the form of heterogeneity and without requiring
dense networks; their framework, however, treats the network as exogenous. Bonhomme,
Dano, and Graham (2025) characterize all moment conditions for nonlinear panel data mod-
els that are robust to both unrestricted feedback and arbitrary heterogeneity, with applica-
tions to duration and count models. Dano, Honoré, and Weidner (2025) provide a systematic
treatment of conditional likelihood and moment-based identification in binary logit models
with general fixed effects, covering both panel and network (dyadic) data; their analysis sub-
sumes the tetrad logit of Graham (2017) as a special case. Our paper differs from this body
of work in that we address the additional complication of endogenous network covariates
arising from strategic interaction, which requires a distinct identification strategy based on
tetrad inequalities rather than conditional likelihood or moment equalities.

The second strand studies strategic network formation under various equilibrium con-
cepts. Mele (2017) analyzes exponential random graph models (ERGMs) as potential games
with strategic complementarities, developing simulation-based estimation methods. How-
ever, ERGMs are known to suffer from degeneracy problems and computational challenges in
large networks. de Paula, Richards-Shubik, and Tamer (2018) and Sheng (2020) study partial
identification in strategic network formation models under simultaneity, using subnetwork
restrictions to bound the identified set. Sheng (2020) provides particularly elegant results
using small subnetwork configurations, but her analysis does not accommodate agent-level
fixed effects. Menzel (2026) develops a many-agent asymptotic approximation for pairwise
stable networks with anonymous and non-anonymous interaction effects, characterizing the

limiting distribution of link intensities through a fixed-point system. His identification of
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payoff parameters requires parametric specification of the utility function and solution of the
equilibrium fixed point, and does not address individual fixed effects of the type we consider
here. Our approach addresses the fixed-effects gap by combining the differencing logic from
the dyadic literature with techniques that accommodate strategic interdependence, while
avoiding the need for equilibrium computation.

On the inference side, Leung (2019) and Leung and Moon (2025) develop laws of large
numbers and central limit theorems for network moments in sparse strategic formation mod-
els embedded in a latent position space, using a branching-process subcriticality condition to
control strategic dependencies. Menzel (2021) provides an alternative central limit theorem
based on the exchangeability of agents’ potential values, which does not require positional
homophily or K-locality and applies to general D-adic network moments. In Section 4, we
provide primitive conditions under which the conditional probabilities underlying our iden-
tifying restrictions can be consistently estimated from a single large network, drawing on
these frameworks.

To our knowledge, this paper is the first in the econometric literature to provide identi-
fication results for network formation models that allow for both (i) unobserved individual
fixed effects and (ii) endogenous network statistics arising from strategic link formation. Our
contributions are as follows. First, we show that tetrad-based configurations can be used
to difference out all individual fixed effects even when endogenous covariates are present,
yielding bounds on structural parameters that are informative under reasonable support
conditions. Second, we develop complementary “incomplete differencing” restrictions that
deliver additional identification power by combining the two traditional “difference-out” and
“aggregate-out” approaches for the handling of fixed effects in the econometric literature.
Third, we demonstrate that the “bounding by ¢” technique from the panel data literature in
Gao and Wang (2026) can be productively adapted to network settings, suggesting broader
applicability of the key idea.

Methodologically, our paper builds upon the recent work on semiparametric identifica-
tion with non-separable unobservables. The “bounding by ¢’ technique we employ shares
conceptual foundations with the partial stationarity approach of Gao and Wang (2026) for
dynamic panel models, and the “multi-inequality aggregation” also relates to the logical op-
erations underlying Gao, Li, and Xu (2023). The commonality across these papers is the
use of arithmetic and logical operations based on monotonicity and inequality conditions. In
particular, the “bounding by ¢’ technique in Gao and Wang (2026) and the present paper
provides a way to “eliminate” the potentially complicated endogenous variables when estab-
lishing identifying restrictions based on homogeneity assumptions on the structural error

terms.



Finally, our paper relates to the broader literature on games with incomplete information
and heterogeneous agents. Aguirregabiria and Mira (2007) and Bajari, Benkard, and Levin
(2007) develop estimation methods for dynamic games that avoid full solution of the game
by using conditional choice probability representations. While our setting differs (we study a
static network formation game rather than a dynamic game), the spirit of avoiding intractable
equilibrium computations through the use of observable implications is similar. That said,
the exact techniques we exploit to achieve this in our network formation context are naturally

different from theirs.

The remainder of the paper is organized as follows. Section 2 presents the model setup,
introduces notation, and states our maintained assumptions. Section 3 derives the main
identifying restrictions, beginning with tetrad-based restrictions, then developing triad-based
and weighted alternatives, and culminating in a general cycle-based differencing framework.
Section 4 provides primitive sufficient conditions under which the high-level identifying as-
sumptions hold, embedding the model in the sparse network framework of Leung (2019).
Section 5 establishes conditions for point identification under logistic errors and a bilinear
endogenous covariate structure. Section 6 provides simulation results based on tetrad-based

identifying restrictions. Section 7 concludes.

2 Model and Assumptions

2.1 Model Setup

Consider a set of n agents indexed by ¢ = 1,...,n, and an unweighted network among them
represented by an n x n adjacency matrix Y, where Y;; = 1 if a link exists between agents
¢ and 7, and Y;; = 0 otherwise. We focus on undirected networks, i.e., Y;; = Y}; for all 4, j.
Throughout, we index distinct unordered pairs as (4, j) with ¢ < j; all dyadic quantities (Y5,
7 X,

ij» Xij, €ij) are understood to be symmetric in their indices.
We consider the following network formation model with both link interdependence and
fixed effects, where a link between agents ¢ and j exists if and only if the latent surplus from

the link is non-negative:
Yij=1 {Zéj/BO + X0 > Ai + Aj + €ij } (1)

where:

o Z;; = wy(Z;, Z;) is a vector of exogenous covariates constructed from individual-level

exogenous characteristics Z; and Z; via a known function w, (e.g., Z;; = |Z; — Z;| for



homophily effects);

e X;; is a vector of potentially endogenous covariates, which may involve other links Y3
with (h, k) # (i,7): we discuss X;; in more detail below.

e A, and A; are individual-level unobserved fixed effects capturing heterogeneity in so-
ciability, popularity, or other unobserved characteristics (here A; acts as a threshold,
so larger A; reduces the link probability; equivalently, one may place —A; on the left-
hand side, recovering the usual interpretation where higher sociability promotes link

formation);
® ¢;; is an idiosyncratic pairwise shock.

The covariate function w, may depend on the network size n; this generality is essential
for accommodating sparse network asymptotics (Section 4). Specifically, when agents are
embedded in a latent space with positions =; and the network is sparse with O(1) expected
degree, the sparsity scaling r, — 0 rescales positions to =; := r;'Z;, and the covariate
function takes the form w,(Z;, Z;) = w(Z;, Z;, Wi, W;) for a fized function w that does not
depend on n. The n-dependence of w, thus enters only through the position rescaling,
while the structural parameters 6y = (y, 7o) remain fixed—analogous to the spatial weight
matrix W,, in spatial autoregressive models. This structure ensures that the conditional link
probability P(Y;; = 1 | Z;; = z) is an O(1) quantity for any fixed z in the support of Z,;,
even though the marginal link probability vanishes under sparsity. In many specifications

w,, does not actually depend on n, but we allow it for generality.

Remark 1 (Individual-Level versus Dyadic Rescaling). In the sparse network framework
of Leung (2019), the sparsity scaling r, = (k/n)Y% enters through the rescaled homophily
measure 0;; = 1, '|Z; — Z;||, which is a function of the dyadic distance. We adopt an
equivalent but notationally simpler formulation in which the rescaling is absorbed into the
individual-level characteristics. Specifically, we define the rescaled type
Zi = (r;'Z, Wy)
and write the dyadic covariate as Zy; = w(Z;, Z;) for a fixed function @ that does not depend
onn. The n-dependence of the model is thereby localized in the deterministic, individual-level
transformation Z; v« Z;, while the structural objects—the parameters 0y = (Bo, Vo) and the
covariate function w—remain invariant to the network size.

The two formulations are mathematically identical: writing w,(Z;, Z;) = w(Z;, Z;) re-

covers the size-dependent dyadic function used in Leung (2019). In particular, because Z; is



a deterministic function of Z; and (Z;, A;) is i.i.d. across agents (Assumption 1), the aug-
mented type Z; == (Z;, A;) remains i.i.d., and all arguments based on exchangeability and the
branching-process domination in Leung (2019) carry over without modification. Likewise,
the identification results of Theorems 1-2 are unaffected, since they are purely algebraic and
hold for each fized n regardless of how the n-dependence is parametrized.

We prefer the individual-level formulation for two reasons. First, it cleanly separates
the sparsity mechanism (the rescaling Z; — 1, 'Z;, which governs the rate at which distant
agents become unable to interact) from the identification mechanism (the function w and
the conditioning on Cink, which are n-invariant). Second, it makes transparent that the
conditional link probability P(Y;; = 1| Z;; = z) is an O(1) quantity for any fived z in the
support of Zi;: the vanishing marginal link probability P(Y;; = 1) = O(n™') arises entirely
from the thinning of the position distribution under rescaling, not from any n-dependence in

the structural model.

The structural parameters of interest are 6y := (5p,v0) € ©. Throughout this paper, we

use the shorthand notation:
0 = 0i(00),  05(0) = ZyB+ Xipv, vy = Ak Ay + ey (2)
so that the link formation equation becomes
Yij = Hui; < 05} (3)

A distinguishing feature of our model is the presence of the endogenous covariates X;; and
the fixed effects A;, A;. In particular, the endogenous covariates X;; may arise as functions

of the realized network. Specifically, we allow:
Xij = ¢5(Y, Z) (4)

where ¢;; is a known function mapping the realized network ¥ and exogenous characteristics
Z = (Zy,...,Z,) to the dyadic covariate. For example, a component of X;; might be the

number of common friends between ¢ and j:

CFij = > YaYi (5)
k#i,j

which captures transitivity effects in network formation. Other examples include measures
of local clustering, degree statistics, and their rescaled or normalized variants.

Since X;; depends on the entire network Y, and Y is determined by equation (1) si-
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multaneously for all pairs, the model describes a strategic network formation game under
transferable utilities with pairwise stability as the solution concept. In general, the game may
have multiple equilibria for a given realization of primitives (Z, A, ¢), where A = (A44,..., A,)
and € = (g;5);<; collect the fixed effects and idiosyncratic shocks respectively. We represent

the realized network abstractly as:
Y =g(Z, A, e;6y) (6)

where ¢ incorporates both the equilibrium correspondence and an (arbitrary and possibly
unknown) equilibrium selection mechanism that picks a single equilibrium for each realization
of the primitives.

The equilibrium mapping g is generally intractable to characterize. Even for simple spec-
ifications of ¢;;, the fixed-point nature of the equilibrium creates a complex interdependence
structure, which is exacerbated by the discrete combinatorial nature of the graph space. As
will be shown below, our identification approach does not require characterization of g: we
extract identifying information using monotonicity restrictions that hold regardless of the

complexity of the equilibrium correspondence and any equilibrium selection mechanisms.

2.2 Assumptions

We maintain the following assumptions throughout the analysis.

Assumption 1 (Random Sampling). The pair (Z;, A;) is independently and identically dis-

tributed across agents i1 =1,...,n.

Assumption 1 is standard in the network formation literature. Note that arbitrary de-
pendence between Z; and A; within an agent is allowed, as is arbitrary dependence between
A; and €;;. The latter flexibility is inessential for the tetrad-based restrictions in Section 3,
since the tetrad differencing construction eliminates all fixed effects algebraically, but it

avoids imposing unnecessary restrictions on the model.

Assumption 2 (Exogeneity of Z;). The vector of exogenous characteristics Z = (Zy, ..., Zy)

is independent of the idiosyncratic shocks € = (&)i<;-

Assumption 2 is an exogeneity condition requiring that the observables Z are independent
of the unobserved pairwise shocks. Note that we do not assume that X is independent of e:
since X is a function of the equilibrium network, it is endogenous and generally correlated
with the idiosyncratic shocks. The key distinction is between the exogenous covariates Z

(which satisfy independence) and the endogenous covariates X (which do not).
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Assumption 3 (IID Pairwise Errors). The idiosyncratic shocks ¢;; are independently and

identically distributed across all pairs (i,j) with i < j.

Assumption 3 is another standard assumption in the network formation literature on the

idiosyncrasy of link-level surplus shocks.

Assumption 4 (Consistent Estimation of Tetrad Conditional Probabilities). Let ijhk de-
note a tetrad of distinct agents and write Zg = (Z;, Z;, Zy,, Zx) for their individual-level

exogenous characteristics. Let Ejjn, be an event in the observable tetrad o-algebra
oijnk =0 Yy, Xy, Zin 21,5 € {i,7,h, k}).

Then the conditional probability P(E;;n, | Zs = zs) can be consistently estimated from ob-

servable data in a single large network.

Assumption 4 is a high-level regularity condition asserting that conditional probabilities
of tetrad events can be consistently estimated from a single large network. The conditioning
is on the individual-level characteristics (Z;, Z;, Z,, Z)), which is consistent with the general
subnetwork formulation (Assumption 4’ below). Since the link formation equation (1) de-
pends on agents ¢ and j only through the dyadic covariate Z;; = w,(Z;, Z;), it is convenient

to define the shorthand
Cijhk = (Zija th, Zilm Zj ) (7)

for the vector of dyadic covariates determined by the tetrad. Because (jjny is a deterministic
function of Zg, any conditional probability P(E | (;jne = () is well-defined under the finer
conditioning of Assumption 4, and we use the shorthand E[- | ] throughout Section 3 for
readability.

This assumption is satisfied when the network exhibits sufficiently weak dependence so
that a Law of Large Numbers (LLN) applies to tetrad statistics. We view Assumption 4 as a
convenient high-level condition for presenting the identification arguments; Section 4 provides
primitive sufficient conditions under which it holds for the class of strategic formation games

considered here, drawing on the network limit theory of Leung (2019).

Remark 2 (Population Identification versus Single-Network Estimation). The interplay
between identification and estimation in network models differs from the standard cross-
sectional setting, and it is useful to clarify the distinction.

In classical econometrics with i.i.d. data, the data-generating process (DGP) is fized, iden-
tification asks whether the structural parameters are pinned down by the population distribu-

tion, and estimation recovers them from a growing sample drawn from that same distribution.
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In our setting, the data consists of a single network of n agents, and the game-theoretic struc-
ture means that the joint distribution of (Y, X, Z) is inherently n-dependent: adding agents
changes the strategic environment and hence the equilibrium mapping g in (6). When the
covariate construction w, depends on n (as required for sparse network asymptotics; see
Section 4), the observables are defined relative to the current network size.

Accordingly, it is useful to distinguish two layers. Population-level identification is a per-
n statement: for a game of fized size n, the bounding-by-c restrictions derived in Section 3
hold whenever the conditional probabilities p((,c;0) and py((,c;0) are well-defined. This
layer is purely algebraic—it relies on monotonicity and the exogeneity of Z (Assumption 2),
with no reference to asymptotics, sparsity, or limit theory. In particular, the identified set—
which we denote @yl) to emphasize its dependence on n (see, e.g., O in Theorem 1)—is
well-defined for each network size n, and the true parameter satisfies 0y € @ﬁ”) for all n,
regardless of whether the network is dense or sparse. Consistent estimation from a single
network is an asymptotic statement: as the network grows (n — oc), the sample conditional
probabilities p(¢) converge to their population counterparts p™ (¢). This convergence requires
a law of large numbers for dependent network statistics, which in turn requires sufficient
decay of dependence across the network. Assumption 4 asserts that such convergence holds,
and Section 4 provides primitive conditions—in particular, sparsity and subcriticality—under
which it can be verified.

Crucially, the n-dependence of the covariate construction w, is relevant only at the es-
timation layer; the identification layer is agnostic about it. Under the reqularity conditions
of Section 4, the equilibrium “localizes” as n — oo—the conditional probability of a tetrad
event depends only on the O(1)-sized strategic neighborhood—so that p™(C) stabilizes and
the identified sets @g”) converge to a well-defined limit.

3 Identifying Restrictions

This section develops the main identifying restrictions for the structural parameters 6, =
(Bo,Y0). We begin with tetrad-based restrictions that achieve complete elimination of all
individual fixed effects, then present additional triad-based restrictions as well as a general

class of cycle-based ones.

3.1 Tetrad-Based Restrictions

Our core idea is to combine the “tetrad differencing” technique with the “bounding-by-¢”

technique together to derive bounds free of potentially complicated endogenous variables
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and unobserved fixed effects.

Consider a tetrad of distinct agents ijhk = (4,7, h, k). We first explain the tetrad-

differencing technique. Specifically, consider the following tetrad event
Yij=Y =1and Yy, =Y, =0.
which by (3) is equivalent to the event
Vij < 0ij, Unk < Onks Uik > Oik,  Ujn > Ojp.
which implies the following
Av 1= ;5 4 Up, — Vik — Vjn < 0ij + Ok — Oi — Ojp, =2 AO.
We observe that the fixed effects are all differenced out in Awv:

Av = ;5 + Vpk — Vik — Ujp
= (Ai+ Aj +eij) + (An+ A +emp) — (A + Ap +eir) — (A5 + A +€5n)
= €jj T Enk — Eik — Ejn

=: Ae.
Since Av = Ae by (10), the inequality (9) is equivalent to

Ae < AJ.

(8)

(10)

(11)

Now, we combine the above with the “bounding-by-¢” technique. Specifically, consider

the intersection of the tetrad event (8) with the event {Ad < ¢}, i.e.,
Y;'j:thzl and Y;k:Y;h:O and A(SSC,

which by (11) implies
Ae < Ad and A <ec.

The above further implies
Ae < ¢,

an inequality on the exogenous Ae without fixed effects or endogeneity issues.

(12)

(13)

Let Fa denote the CDF of Ae. Since the intersection event (12) implies (13), taking
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conditional probabilities given (;;nr = ¢ yields
EYijYhe(1 = Yip) (1 = Yju)1{Ad < c}[(] < P(Ae < ¢) = Fa(c) (14)

by the independence of € and Z in Assumption 2.?

Similarly, we can obtain another bound by considering the “flipped” event
Yii=Y =0 and Y =Y, =1 and Ad > ¢,
which implies Ae > Ad > ¢ and hence
(1 =Y;;)(1 = Y)Y Y 1{AS > ¢} < 1{Ae > ¢},

yielding
E[(1—Y;)(1 = Y)Y Yin1{AS > ¢} |¢] < 1— Fa(o), (15)

or equivalently,
Fa(e) <1—E[(1 = Yy)(1 - Yi)VieYn1{A6 > c} | (). (16)

To state our main results, it is helpful to make explicit the dependence of the index
difference on the model parameters and the tetrad ¢7hk. In the following we write the tetrad

index difference

Aijni(0) = 045(0) + 6nx(0) — 6ir(6) — 9;n(0) (17)

and two parametrized conditional probabilities (expectations)

pr(C,¢;0) == E[Yi;Yir(1 — Yig) (1 = Vi) H{Aynr(0) < c}[ (], (18)
pu(C,c0) =1 =E[(1—Yi;)(1 = Y)Y Yin 1{Asjnx(0) > c} [ (] (19)

We now exploit the above to build identifying restrictions, which have two variants de-
pending whether researchers impose an additional parametric assumption on ¢.
We first explain the case where no parametric assumption is made on € and Fa is left

unknown. In this case, (14) and (16) are not identifying restrictions per se since they involve

2Although A§ involves the endogenous covariates X;; and hence is not o(Z)-measurable, the inequality
(14) is valid because the bound 1{tetrad event} - 1{AdJ < ¢} < 1{Ae < ¢} holds pointwise (i.e., for every
realization of (Y, X, Z, A, ¢)), and taking conditional expectations of both sides preserves the inequality. The
right-hand side P(Ae < ¢ | (ijne = () = Fa(c) follows from € 1 Z, since (;jn is a measurable function of
(Z1,...,2Zy).
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the unknown Fx(c). However, (14) and (16) together imply

pr(¢, ¢ 00) < Fa(e) < pu(C,cbh),

and then, since the middle term is constant across (,
s%ppL(C, ¢;0) < Falc) <infpy(C, o),

which becomes an identifying restriction once we drop the unknown middle term Fa(c). We

summarize our result in the following theorem.

Theorem 1 (Tetrad Restrictions with Nonparametric Fa). Under Assumptions 1-4, the

true parameter 6y belongs to the identified set
Qtetrad . — {6 : suppr(¢,c0) < irclpr((, c;0) forall c € R}, (20)
¢

where the supremum and infimum are taken over ¢ in the support of Cijnk-

Equivalently, define

Qtetrad(e) = sup {SuppL(C, c; Q) — 1Igpr(C7 C; 8)} . (21)

ceR ¢
Then, @Betrad — {9 . Qtetrad(g) S O}

Remark 3 (Outer Region). The set ©%" js an outer region for the true parameter: it
contains By but may also contain parameters 6 for which no i.i.d. pairwise shock distribution
generates the observed tetrad probabilities. This arises because the construction eliminates
Fa(c) by intersecting bounds across ¢, without enforcing the constraint that Fa must be the
distribution of €;; 4 epk — ik — €55 for some i.1.d. pairwise law. Incorporating this convolution
structure could tighten the identified set, but we do not pursue this here. Under the parametric
logistic specification (Theorem 2), the distribution Fa is fully determined, so the parametric

identified set does not suffer from this relaxation.

Next, we consider the case where researchers impose an additional parametric assumption
on g, so that Fa(c;6.) is unknown up to a finite-dimensional parameter 6.. Practically, if e
is assumed to follow a distribution with location-scale parameters such as the logistic distri-
bution (Graham, 2017) and the normal distribution (Dzemski, 2019), then there is no need
to explicitly introduce the parameter 6. given the scope of location and scale normalization

in model (1). That said, we keep the notation 6. for theoretical completeness.
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With Fa(c;6.) known up to 6., the inequalities (14) and (16) become identifying restric-

tions themselves, which we summarize in the following theorem.

Theorem 2 (Tetrad Restrictions with Parametric Fa). Suppose Assumptions 1-4 hold and
that Fa belongs to a known parametric family indexed by 0. € O., with CDF Fa(-;0.). Write
0 := (0,0.) for the stacked parameter and 0y := (0y,0.0) for its true value. Then 6y belongs
to the identified set

—tetrad

© = {@ : suppr(C,c;0) < Fa(c;0:) < irclpr(C,c; 0) for all c € ]R}. (22)
¢
Equivalently, define the criterion

Q't"*4() := sup max {SuppL(C, c;0) — Fa(c;0:), Falc;0.) — irglpr(C, G 9)} : (23)
¢

ceR

Then O™ = {8: Q™) < 0}.

Several features of Theorems 1 and 2 are worth noting. First, the tetrad construction
eliminates all individual fixed effects by purely algebraic differencing within a four-agent con-
figuration, so identification does not rely on sufficient-statistic arguments (as in parametric
logit) nor on restrictions such as A; L Z;. Second, the “bounding by ¢” step addresses the
endogeneity of equilibrium network statistics by treating the endogenous index components
as random variables and conditioning on observable events that imply inequalities in Ae; in
particular, we never need to model, estimate, or simulate the conditional distribution of X;.
Third, because the restrictions are derived from monotonicity and equilibrium feasibility
alone, they remain valid without computing the equilibrium mapping ¢g and are robust to
equilibrium multiplicity and unknown equilibrium selection. We note that the n-dependence
of the covariate construction w,, (introduced in Section 2) plays no role in the identification
arguments above: the bounding-by-c restrictions hold for each fixed network size n and are
purely algebraic. The n-dependence becomes relevant only at the estimation stage, where
one must verify that the conditional probabilities p;, and py can be consistently estimated;

see Remark 2 for a detailed discussion.

3.2 Triad-Based Restrictions

While tetrad restrictions achieve complete elimination of fixed effects, they are not the
only source of identifying restrictions. We now develop complementary restrictions based
on triads—subnetwork configurations involving three agents. Triad-based restrictions do

not fully eliminate all fixed effects, but they have two practical advantages. First, triads
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are combinatorially more abundant than tetrads ((g) Versus (Z) configurations), yielding
more observations per network. Second, they exploit different aspects of the latent variable
structure and can tighten the identified set when combined with tetrad restrictions. We

consider several variants below.

Three-Link Triad Restrictions
Consider a triad (¢, , k) and the configuration where agent ¢ is linked to both 7 and k, but
j and k are not linked. Given the event {Y;; =Y, = 1, Y}, = 0}, the link inequalities imply
Vij + Vi — Vi < 5@' + 5zk — 6jk- (24)

The left-hand side equals

Ui jk = Vij + Vi — Uik = 2141 + €ij + Eip — Ejks (25)
so intersecting with {d;; + d; — 0 < ¢} yields the indicator bound

YiiYie(1 = Yi)1{0i; + i, — 9 < ¢} < U{wyji < c}.

Unlike the tetrad case, the fixed effect A; does not cancel. However, u;;, = A; +¢;; —
eir depends only on (A;,&;j, ), which by Assumptions 1-2 are independent of (Z;, Zy).
Consequently, the distribution of u; j, does not depend on (Z;, Zj) at all, and in particular
is invariant to the identity of i. Let G5 denote this common (unconditional) CDF. Taking
expectations conditional on Z;; = zj;, and then taking suprema over z;;, yields the moment-

inequality bounds stated below.

Proposition 1 (Three-Link Triad Bounds). For any ¢ € R:

sup B [V (1 — Y3 ) 1{05 + 0, — 056 < c} | zj0] < G3(c) (26)
Gg(C) < 1-— supIE [(1 — Y;)(l — Y;k)Y;kl{(SU + 5zk — 5jk > C} | ij] (27)
ij

One may then incorporate the information in Proposition 1 into the characterization of

the identified set following similar manners as in Theorems 1 and 2.

Two-Link Triad Restrictions

An even simpler restriction compares two links originating from a common agent. Specifi-

cally, fix © and consider the event that i links to j but not to k. Given the observable event
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{Y;; =1, Yix = 0}, the link inequalities imply
Vij — Vi < 035 — O
Since v;; — vy = (A + Aj +45) — (A; + Ai, + €ix), the fixed effect A; cancels, leaving
Uik = Vij — Vig = Aj + €5 — A — €ig (28)

Using the “bounding-by-¢” technique and intersecting the above with {d;; — dy < ¢}, we
obtain
Yii(1 =Y )1{0;; — i < ¢} < {wyjp < c},

the right-hand side of which does not depend on Z;, so its CDF is common across z;. Let Gg
denote the CDF of u; ;. Replicating the “flipped” argument, taking expectations conditional

on Z; = z;, and then taking the supremum over z;, we obtain the following.

Proposition 2 (Two-Link Triad Bounds). For any ¢ € R:

sup B [Yi;(1 = Yig)1{dy; — o < c} [ 2] < Ga(c) (29)
Go(c) <1-— su.p]E (1 = Yi;)Yie1{0;; — 0 > ¢} | 2] . (30)

Zi

where the supremum is over z; in the support of Z;.

3.3 Weighted Differencing

The tetrad and triad restrictions developed above use equal weights on links. A natural ex-
tension is to consider weighted combinations of link indicators, which can generate additional
identifying restrictions by exploiting different linear combinations of the latent inequalities.
We illustrate the idea with a single example; the systematic development of weighted and
more general differencing schemes is presented in Section 3.4.

Within a tetrad (i, j, k, £), consider the link configuration:
Vi Yie(1 — Vo) (31)

The event {Y;; = Y, =1, Yiy = 0} implies v;; < d;j, vir, < dir, and v;p > d;p. Summing these
inequalities with weights (+1, 41, —2), we obtain

Vij + Vik — 2050 < 05 + Oip — 204
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Since v +vip — 200 = (Aj+¢ij)+(Ax+ein) —2(Ar+eie), by intersecting with {0;; 405 —20; <

¢} we can derive the bound
YiiYie(L = Yi))1{0;j + i, — 2040 < ¢} < L{(Aj +e45) + (Ar + i) —2(As + i) < c}. (32)
Let Gy, denote the CDF of the weighted latent index on the right-hand side,
Gy(c) =P ((Aj+¢ei5) + (Ar +eix) —2(Ar+ i) <c).

Taking expectations conditional on Z; = z; and using ¢ 1 Z yields a bound whose right-hand

side equals Gy (c) and is therefore common across z;.

Proposition 3 (Weighted Differencing Bound). Within a tetrad (i, 7, k, ), for any ¢ € R:

Gy(c) <1—supE[(1 —Y;)(1 — Yig)Yiel{dsj + i, — 2040 > c} | 2] - (34)
The potential advantage of weighted differencing is that it generates a richer family of
moment inequalities, indexed by the weights, which may tighten the identified set beyond

what is achievable with the equal-weight tetrad and triad restrictions alone.

3.4 General Weighted Cycle-Based Differencing

It should now be clear that our core identification idea can be generalized further beyond
the identifying restrictions developed in Sections 3.1-3.3, which are all instances of a unified
principle: assign signed weights to links in a subgraph, and when the weighted sum of link
indicators factors into a product of indicators, the “bounding by ¢’ technique yields bounds
involving a weighted sum of latent variables. Fixed effects cancel at any agent whenever the

sum of weights on links incident to that agent equals zero. We now formalize this observation.

Definition 1 (Weighted Link Configuration). Let S = {iy,...,i,} C{1,...,n} be a subset
of distinct agents. A weighted link configuration on S consists of a (finite) set of links Es
together with a weight function w : Es — Z (or R), where w, > 0 indicates a “present” link

and w, < 0 indicates an “absent” link. The weighted incidence sum at agent i € S is

;= E We.

EEEsliee

where © € e means that i is one of the two agents involved in link e.
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Clearly, a weighted link configuration achieves complete fized-effect elimination if o; = 0
for every i € S, i.e., if the weights incident to each agent sum to zero. The identifying

restrictions from earlier sections correspond to specific weighted link configurations:

1. Tetrad (Section 3.1): The 4-cycle {ij, jh,hk, ki} with alternating signs E* =
{ij,hk}, E- = {ik,jh}. Every agent has signed incidence sum o = 0: complete

fixed-effect elimination.

2. Three-link triad (Section 3.2): The triangle {ij, ik, jk} with E* = {ij,ik}, B~ =
{jk}. Node i has o0; = +2; nodes j, k have 0; = 0, = 0. Partial elimination: A; and

A cancel but 2A; remains.

3. Weighted differencing (Section 3.3): The star {ij, ik, i(} with weights (+1, +1, —2),
which can be decomposed as ET = {ij,ik} and E~ = {if}. Node i has o; = 0; the
other nodes have nonzero incidence. Partial elimination: A; cancels but A;, Ay, and

A, remain.
4. Hexad (New Example): Consider the 6-cycle
{ivia, inds, iiy, i4is, isig, G671 },

with alternating signs Et = {iyiy, i3i4, 506} and E~ = {igis, i4i5,i671}. Every agent

has ¢ = 0: complete fixed-effect elimination using six agents.

We are now ready to present an umbrella result for general weighted link configurations.

Fix a weighted link configuration (Es,w) on S, and let
Et:={e€ Es:w, >0}, E~:={e€ FEg:w. <0} (35)

Given the event {[[,cp+ Ye[l.cp-(1 —Ye) = 1}, each e € E* implies v, < 6, and each

e € F~ implies v, > J.. Multiplying the corresponding inequalities by w. and summing

yields
Z Wele < Z WeOe.
e€Eg e€Eg
Then
Z Wellg = ZaiAi + Z Weee =: Usg.
ecEg 1€S e€Eg

Hence, the fixed effect of any agent with o; = 0 is differenced out, while agents with o; # 0

contribute residual fixed-effect terms. It then follows from Assumptions 1, 2, and 3 that Ug is
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independent from any Z; such that o; = 0. Adding the “bounding-by-c” event {}__. g Webe <

¢} yields a bound in terms of Ug, which translates to the following.

Proposition 4 (General Weighted Cycle-Based Identifying Restrictions). Let S be a subset
of distinct agents and (Fg,w) be a weighted link configuration on S. Define the subset of

agents whose fized effects are eliminated under (Eg,w) by

Then for any c € R and any realization zs, of Zs,, we have

E H Y. H (1_}/6)]—{Zweée§c} ZSO = %Sy SFUS(C)7 (37)
ecE+ ecE— e€FEg
K H(l_Ye) H Yel{zweée>c} ZSU :Z50] Sl_FUS(C)a (38)
ecE+t ecE— ecEg

where Fy, is the CDF of Ug (and does not depend on zg, ).

To apply the cycle-based restrictions in Proposition 4 and aggregate them over a class W
that involve subnetwork structures larger than tetrads, we need an analogue of Assumption 4

that guarantees identification of the required subnetwork conditional probabilities.

Assumption 4’ (Consistent Estimation of Subnetwork Conditional Probabilities). Fiz a
class W of admissible weighted link configurations (S, Es,w). For any (S, Es,w) € W, let

Es be an event measurable with respect to the observable subnetwork o-algebra
os:=0(Yij, Xij,Z; 4,5 € 5).

Suppose that the conditional probability P(Es | Zs = zg) can be consistently estimated from

observable data in a single large network.

Theorem 3 (Identified Set via Aggregation over Admissible Weighted Link Configurations).
Fiz a class W of admissible weighted link configurations (S, Es,w). For each (S, Es,w) € W,
let Sy be as in (36), and define, for any c € R,

JIRAN! (1—1@)1{2%(56(0) gc}

ecE+ ecE— e€EEg

H (1 _Ye) H Yel{z wede(e) > C}

ecE+ ecE— ecEg

P (250, ¢:0) == E

Zs, = 250] ,

p§f7w)(250, c;0) =1-E

ZSO = 250] .
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Then, under Assumptions 1-3 and J', the true parameter 6y belongs to the identified set

oy = {0 : sup  sup [supp(LS’w)(zSO, ¢;0) — inf p\7*) (2, ¢; 0)] < O}. (39)
(S,Ew)EW c€R ~ zg, 5o
Remark 4 (More Restrictions versus Stronger Assumption 4’). Allowing longer cycles and,
more generally, larger subnetworks in VW can tighten the identified set by adding additional
conditional moment inequalities. However, the cost is that identification and estimation of the
resulting subnetwork conditional probabilities requires a correspondingly stronger version of
Assumption 4. In finite sample, involving longer cycles can be more data-demanding because
larger configurations are rarer, and furthermore the estimation can be less well-behaved since

larger subnetworks suffer from more salient network dependence issues.

4 Primitive Conditions for Assumption 4

Define the joint surplus from a link between ¢ and j, viewed as a function of the endogenous

covariate value x, as

Because the endogenous covariate X;; = ¢;;(Y, Z) depends on the realized network, the value
of  at which the surplus is evaluated is itself an equilibrium object. Each potential link (4, j)

falls into exactly one of three categories, determined entirely by the ezogenous primitives

(Z,A,e):

(i) Robustly present: inf, V;;(z) > 0— the surplus is positive for every possible value

of the endogenous covariate, so the link forms in every equilibrium.

(ii) Robustly absent: sup, V;;(z) < 0—the surplus is non-positive for every possible

value, so the link is absent in every equilibrium.

(ii) Non-robust: sup, V;;(z) > 0 and inf, V;;(z) < 0—the link status depends on the

equilibrium value of X;; and hence on the rest of the network.

Definition 2 (Strategic Neighborhood). The non-robustness indicator for the potential link

between i and j is

Dy; = YsupV;(z) >0} - Yinf V;;(z) < 0},

da

where the supremum and infimum are over x € [—ZT,I] Let C; denote i’s connected

component in the graph with adjacency matric D = (D;;) (the non-robustness graph), and
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let II be the graph with adjacency matriz I1;; = 1{inf, V;;(z) > 0} (the robust-link graph).
The strategic neighborhood of agent i is the set

Cr = |J Nu(5, 1),

JEC;
1.e., C; together with all agents who are robust neighbors of some member of C;.

The connected components C; of the non-robustness graph D partition the agent set
N, but the strategic neighborhoods C;* can overlap: an agent who is a robust neighbor of
two distinct non-robustness components belongs to both of their strategic neighborhoods.
Nevertheless, strategic neighborhoods localize the equilibrium: the link outcomes within any
strategic neighborhood Ct depend only on the primitives of agents in Ct. To see why,
consider a non-robust link (a,b) with a,b € C for some component C. The endogenous
covariate X, = ¢ap(Y, Z) depends on other link outcomes, but only links incident to a or b
contribute. Any such link (a, k) is either robustly absent (Y,; = 0, no contribution), robustly
present (k € Np(a,1) C C*, value determined by primitives of {a, k} C C't), or non-robust
(k € C, = C, status determined by the equilibrium within C*). Hence the equilibrium
on C7 forms a self-contained fixed-point system in the primitives of agents in C* (Leung,

2019, Theorem 1). We formalize this via the following assumptions.

Assumption 6 (Local Externalities). The endogenous covariate function ¢;; in (4) depends

only on links incident to i or j: that is, X;; = ¢i;(Y,Z) is measurable with respect to

o({Yie,Yji 1 k € N}, Z).

Assumption 6 is satisfied by common friends CF;; = 3, Y. Y, the Jaccard index, degree

statistics, and other standard endogenous covariates used in the network formation literature.

Assumption 7 (Bounded Endogenous Covariates). The endogenous covariate takes values
in a known compact set: X;; € [—,Z|% almost surely for some constant T < oo that does

not depend on n.

Unscaled common-friends counts CF;; = >, Y;;Yj; can grow with network size in dense
networks. In the sparse regime of Assumption 9 below, however, expected degree is O(1),
so the expected number of common friends is also O(1). The Jaccard index takes values
in [0, 1] by construction, and normalized common friends CF;;/n are bounded as well. For
unnormalized count statistics in denser networks, explicit trimming or normalization would

be needed to satisfy Assumption 7.
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Assumption 8 (Decentralized Selection). For anyn € N and any strategic neighborhood C™,
the equilibrium selection mechanism satisfies Yo+ = 77|C+\(ZC+750+); where 7]|c+|(-) depends

only on the augmented types and shocks of agents in C'.

Assumption 8 requires that equilibrium play within each strategic neighborhood is de-
termined locally. As discussed in Leung (2019), this is satisfied by myopic best-response
dynamics, which are widely used in the theoretical and econometric literature on network

formation.

Assumption 9 (Bounded Strategic Neighborhoods). The strategic neighborhoods satisfy
E[|C/F|] = O(1) as n — oo.

Assumption 9 ensures that chains of strategic dependencies do not propagate through
the network. It follows from the branching-process domination argument in Theorem 1 of
Leung (2019) under sparsity and subcriticality. Intuitively, exploring C; via breadth-first

search is akin to growing a subcritical branching process that almost surely terminates.

Proposition 5 (Packing Argument for Assumption 4). Suppose Assumptions 1-3, 6-9 hold,
and that Z; has finite support. Then Assumption 4 is satisfied: for every zs = (2, 2;, 2n, 2k)
in the support of Zg and every tetrad event Ejjn, € 04jnk, the conditional probability P(E;jpy |

Zgs = zg) can be consistently estimated from a single large network.
The proof is given in Appendix A.

Remark 5 (From Pointwise to Uniform Convergence). Proposition 5 establishes pointwise
consistency of the conditional probability estimator for fixed conditioning values. The op-
erational criterion Q**4(0) involves suprema over ¢ and c, and evaluation at varying 0,
which requires uniform convergence guarantees not established here. Closing this gap—for
instance via empirical process theory for network-dependent data, or by reducing the contin-
uous c-supremum to a finite grid using monotonicity of Fa—is an important direction for
the formal econometric theory of inference in this setting. For the present paper, we focus

on the population-level identification results and treat the simulation evidence as illustrative.

Remark 6 (Continuous Individual Characteristics). The finite-support condition in Propo-
sition 5 is imposed on the individual-level characteristics Z;. When Z; = (Z;, W;) is con-
tinuously distributed, this can be accommodated by discretizing the individual-level rescaled
position Z; into finitely many spatial bins, producing a discrete individual-level type ZIs.
The cell estimator then conditions on exact matches in (235, ZJ‘-jiSC, Zdise 7dise) - Any discrete
components of (W;, W;) are retained as-is, yielding a finite-support individual characteristic

and hence a finite-support dyadic covariate Z;;.
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At the population level, the conditional probability p(zs) = P(Eijne | Zs = zs) is well-
defined as a regqular conditional expectation at every zs at which Zg has positive density;
finite support is not required for the object itself to exist. The identifying restrictions of
Theorems 1 and 2 likewise hold pointwise for each such zs (equivalently, for each ( in the
support of Cijnk), regardless of whether the support is finite or continuous.

Finite support enters only at the estimation stage: the cell estimator and the packing argu-
ment both require exact matches {Zs; = zs}, which have positive probability only when Z; is
discrete. Such discretization is without loss for validity—the identifying restrictions hold for
every type-quadruplet—though it is conservative: coarser bins pool heterogeneous covariate
values, yielding fewer distinct conditioning values and hence fewer moment inequality re-
strictions, which may widen the identified set. Finer discretization recovers more identifying

power, approaching the continuous-Z; identified set in the limit.

5 Point Identification

The identified sets in Theorems 1 and 2 are defined by conditional moment inequalities and
are therefore generally set-valued. It is natural to ask when these restrictions are sharp
enough to yield point identification. In this section we give conditions under which 6y =
(Bo,Y0) is point identified, exploiting the algebraic structure of the logistic distribution.
When vy # 0, two complications arise. First, the endogenous covariates X;; = ¢;;(Y, Z)
create dependence among the four tetrad link outcomes, so the product formula for P(tetrad |
¢, A) breaks down. Second, the tetrad index difference A§d = AZ'By + AX'7y depends on
A through the equilibrium, so the conditional-on-A odds ratio varies with A and cannot
be factored out when integrating over A. We handle both problems by conditioning on the
realized endogenous covariate values and restricting attention to isolated tetrads in which the

endogenous covariates for the four tetrad links do not depend on any tetrad link outcome.

5.1 Setup and Definitions

Fix a tetrad of distinct agents (i,j, h,k). Recall that the four tetrad links are E, :=
{ij, hk,ik, jh}; the remaining two links within the quadruplet are the diagonal links {ih, jk}.
Write Y_g, for the collection of all link outcomes outside E; and g, := (€i5, €pk, €k, €55) for

the tetrad shocks. Define the tetrad endogenous covariate vector
X = (Xij, Xnk, Xiws Xjin) (41)
and the tetrad exogenous covariate vector Cjni, as in (7).
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5.2 Tetrad Isolation

We introduce two structural conditions that together guarantee that the four tetrad links

are conditionally independent logistic Bernoulli trials, given the observable covariates.

Assumption 10 (Bilinear Endogenous Covariate). The endogenous covariate X;; =
¢i;(Y,Z) depends on link outcomes Y only through cross-products Y;Y; for | # i,j.

Formally, there exists a function ¢ such that
Xij = W({YaYihizis, Z).

Assumption 10 is satisfied by common friends CF;; = >, Li YuY:, normalized common
friends CF;;/n, and any weighted triadic-closure measure -, w; - Y;; Y. It is not satisfied by
the Jaccard index CF;;/(]N(¢) U N(j)|), whose denominator depends on individual degrees
(linearly, rather than bilinearly, in Y').

Assumption 11 (Tetrad Exogeneity). For tetrads in the admissible set T, (defined below),

the non-tetrad link outcomes Y_g, are measurable with respect to o(Z, A,e_g,), where e_p, =
{ew : (a,b) & E;}.

Assumption 11 requires that the tetrad-specific shocks ez, do not affect any link outcome
outside the tetrad. Under the strategic-neighborhood framework of Section 4, a sufficient
condition is that no agent outside the tetrad belongs to a non-robustness component con-
taining a tetrad agent: formally, C, N {4, j, h,k}* = 0 for each a € {i,j, h,k}, where C,, is
agent a’s connected component in the non-robustness graph D. This ensures that all non-
robust links involving tetrad agents are links among the four tetrad agents themselves, so
perturbing ¢, cannot propagate outside the tetrad. Note that this condition does not require
the four agents’ strategic neighborhoods to be mutually disjoint—agents ¢ and j may share
robust neighbors, and the link Y;; itself may be non-robust, provided the non-robustness
component containing 7 and j lies entirely within {i, 7, h, k}. Under the bounded-strategic-
neighborhood condition (Assumption 9), this isolation condition holds for a positive fraction

of quadruplets.

Definition 3 (Admissible Tetrad). A tetrad (i, j, h, k) is admissible if the two diagonal links
are absent:
Y;h =0 and Y}k =0.

The set of all admissible tetrads satisfying Assumption 11 is denoted T,.

In a sparse network with expected degree O(1), each link exists with probability O(n™!),

so the diagonal-absence condition holds with probability approaching 1 for any given quadru-
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plet. Consequently, the number of admissible tetrads is ©(n?), and after the greedy packing
argument of Proposition 5 one retains ©(n) independent tetrads—the same asymptotic order
as in the partial-identification setting.

The key property of admissible tetrads is the following lemma, which shows that diagonal
absence and the bilinear structure together decouple the tetrad endogenous covariates from

the tetrad link outcomes.

Lemma 1 (Tetrad Non-Interaction). Suppose Assumptions 6 and 10 hold. For any admis-

sible tetrad (i,7, h, k) € T,, each endogenous covariate X, for e € E; satisfies
Xe = (be(Y*Ew Z)7 (42>

i.€., it does not depend on any tetrad link outcome.

The proof is given in Appendix A.

5.3 Point Identification without Fixed Effects

We first present the result in the simpler setting without individual fixed effects (A4; = 0
for all 7), which isolates the role of the endogenous covariates. Both results in this section
require a strengthened version of Assumption 4 that conditions on the realized endogenous

covariates and the diagonal link absences.

Assumption 4” (Augmented Tetrad Estimation). The conclusion of Assumption 4 contin-
ues to hold when the conditioning is augmented to (Zg, Xy, Yin, = 0, Y, = 0), where X, is

the tetrad endogenous covariate vector defined in (41).

Proposition 6 (Point Identification without Fixed Effects). Suppose Assumptions 1-3, 10—
11, and 4" hold with A; =0 for all i and ¢;; ~ Logistic(0,1). Define

p+(C

cay) =PV V(1= Vi) (1 = Yin) =1| ¢, Xy =, Vi, =0, Y, =0),  (43)
p—(gaxt>

=P(1=Yi) (1= Y)YaYin =1 ¢ Xy =, Y5 =0, Ve =0).  (44)

Then for every (C,x;) in the support,

tog P Az(¢) By + AX (1) 0. (45)

p—(¢, )

where AZ = Z;j + Zpy — Ziy — Zjn, and AX = Xy + Xpp — X — X If the support of
(AZ, AX) restricted to admissible tetrads spans R%+%  then 0y = (Bo, o) is point identified.

The proof is given in Appendix A.
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5.4 Point Identification with Fixed Effects

The result extends to the full model with individual fixed effects. The tetrad differencing
eliminates all fixed effects algebraically—exactly as in the 79 = 0 case—while the endogenous
covariates are handled by the isolation conditioning. The two mechanisms do not interfere
with each other: fixed effects cancel regardless of the endogenous covariates, and endogenous

covariates decouple regardless of the fixed effects.

Theorem 4 (Point Identification with Endogenous Covariates and Fixed Effects). Suppose
Assumptions 1-3, 10-11, and 4" hold, and €;; x Logistic(0, 1). Define p,((, x;) and p_(C, x¢)
as in (43)—(44). Then for every (,z;) in the support,

p—l—(ga "L‘t) - / )
log ) AZ(C) Bo + AX (x4) 0. (46)

If the support of (AZ, AX) restricted to admissible tetrads spans R% 4 then 6y = (Bo, Yo)
1s point identified.

The proof is given in Appendix A.

5.5 Constructive Estimator

The proof of Theorem 4 is constructive and yields a computationally simple estimator.

(i) Select admissible tetrads. From the observed network, enumerate quadruplets (i, j, h, k)

satisfying Yi, = 0 and Y}, = 0.

(ii) Classify. For each admissible tetrad, record whether the tetrad pattern (Y;;Yix(1 —
Yir)(1 —Yj) = 1) or the flipped pattern ((1 —Y;;)(1 — Y)YixYjn = 1) obtains; discard

tetrads with neither pattern.

(iii) Conditional logit. Among the retained tetrads, run a conditional logit regression of the

binary outcome (tetrad = 1, flipped = 0) on the regressors (AZ, AX):

exp(AZ'B+ AX'y)
1+ eXp(AZ/ﬁ + AXW) '

P(tetrad | tetrad or flipped, ¢, ;) = (47)

The maximum likelihood estimator § = (B ,7) consistently estimates 6.

Remark 7 (Comparison with the 7y = 0 Case and Graham (2017)). Theorem 4 generalizes
the tetrad logit of Graham (2017) in two directions: it allows endogenous covariates (o # 0),
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and it uses unconditional (marginal over A) tetrad probabilities rather than probabilities con-
ditional on the sufficient statistic for A. When vy = 0, there are no endogenous covariates,
the diagonal-absence condition is vacuous (since X, = 0 does not depend on any link), and
Theorem 4 reduces to the standard tetrad logit with loglp, (()/p—(Q)] = AZ'By. The addi-
tional structural restrictions (Assumptions 1011 and diagonal absence) are the price paid

for accommodating v # 0.

Remark 8 (Abundance of Admissible Tetrads). In a sparse network with expected degree
O(1), P(Yy, =0) =1—-0(n"") = 1 and similarly for Yj,. Hence the diagonal-absence
condition is satisfied with probability approaching 1 for any given quadruplet, and the number
of admissible tetrads is ©(n*). The additional requirement that no outside agent shares a
non-robustness component with a tetrad agent (for Assumption 11) is closely related to the
condition used in the packing argument of Proposition 5; under Assumption 9, one retains

©(n) independent admissible tetrads.

Remark 9 (Scope of the Bilinear Condition). Assumption 10 covers the most empirically
important endogenous covariate, such as common friends CF;; = ZZ#J YuYj, and its trans-
formations. For covariates that depend linearly on individual degrees (e.g., the Jaccard index
or degree-weighted statistics), the bilinear condition fails because individual degrees such as
IN(i)| = >, Y involve single link outcomes, causing X;; to depend on tetrad links even
when the diagonals are absent. FExtending point identification to such covariates—e.g., by
conditioning on additional link absences or wvia control-function methods—is an important
direction for future work. For the partial identification results, the bounding-by-c technique

of Theorems 1-2 remains valid for arbitrary ¢;; without the bilinear restriction.

Remark 10 (Rank Condition). The rank condition requires that (AZ,AX) has (dg + d.,)-
dimensional variation across admissible tetrads. Since AX = CFy;; + CFpp — CFy, — CFjy,
(under isolation) depends on the local network structure around the tetrad agents, it provides
genuine variation beyond AZ as long as the agents have heterogeneous local neighborhoods.
When all common-friend counts are zero (e.g., in an extremely sparse network), AX = 0
and only By can be identified; the estimator naturally reduces to the standard tetrad logit.
In networks with nontrivial clustering, AX takes many distinct values, ensuring the rank

condition 1s generically satisfied.

6 Simulation Based on Tetrad Restrictions

We examine the finite-sample behavior of the tetrad-based partial identification approach

through simulation, focusing on how the network size n, unobserved heterogeneity (fixed
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effects) A, the support size of the discrete exogenous covariate Z, and the endogenous co-
variate X affect the sharpness of the identified set. For simplicity, we use only the baseline
tetrad restrictions (Theorems 1-2), leaving the longer-cycle restrictions and aggregation over

W for future work.

6.1 Model Specification and Data Generating Process

We conduct simulation studies under three nested specifications, which differ by whether

individual fixed effects and/or endogenous covariates are present.

Baseline Model. The individual-level exogenous characteristics Z; is a two-dimensional
vector (Zy;, Zo;) € [—10,10]?, and the vector of exogenous dyadic covariates is constructed

as Z;; = |Z; — Z;|. The true link formation equation is
Yij = 1{Zij1 + 0 Zij2 +€ij > 0} (48)
Under all three specifications, the shocks ¢;; are 1.i.d. following a Logistic(0, 1) distribution.

FE-only Model. We add individual-level unobserved fixed effects A; ~ N'(pZy;, %) to the
baseline model, where p € [0, 1] captures the correlation between unobserved heterogeneity

and observed characteristics. The true link formation equation becomes
Yij = 1{Zij1 +0Zij2 + Ai + Aj +ei5 > 0} (49)

Note that this is equivalent to the main model (1) with A; := —A; playing the role of the
fixed effect (and —¢;; for the shock, which has the same logistic distribution by symmetry).?

Full Model. We further add an endogenous dyadic covariate X;; to the model while re-
ducing the dimension of Z;; to 1, i.e., Z; € Z = [-10,10] and Z;; = |Z; — Z;|. We set the
coefficient for Z;; to be By = 1, fixed and known. The endogenous covariate is the Jaccard

index of common friends: ) )
. _IN@ NG|
i . VR
IN(i) UN(j)|

3Under this reparametrization, A; ~ N (—pZy;,0%) and equation (49) becomes Yi; = 1{Z;;1 + Y0 Zij2 +
g;; > Ai + A;}, matching the sign convention in (1). The tetrad restrictions are invariant to this
reparametrization since A; cancels in all cases.
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where N (i) = {k : Y. = 1} denotes the neighbor set of i. The true link formation equation
becomes

Under this model, the probabilities involved in the identifying restriction (20) no longer have
a closed form. Therefore, we need to approximate the probabilities using a realized network.

In order to generate a realized network, we first discretize Z and generate Z; from Z by
randomly sampling with equal probabilities. Since X;; depends on the realized network Y,
it requires solving for a network consistent with (50) given the shocks and fixed effects. We
set A; A (0,1) and generate data by iterating a link-update procedure (starting from a
zero Y matrix and recomputing X;; after each update) until convergence. The parameter to

be identified is 7p.

Remark 11 (Simulation Design Choices). Several design choices merit discussion. The
value vo = 4 was chosen to ensure that the endogenous covariate has a substantial effect on
link formation, making the strategic interaction component quantitatively important. Since
Xi; € 0,1], a coefficient of o = 4 means that dyads with identical neighborhoods (X;; = 1)
receive a boost of 4 in the latent index, comparable to the standard deviation of the logistic
shock (m/+/3 ~ 1.81). Results for moderate values of o may yield tighter identified sets.
The best-response iteration starting from the empty network selects one particular equilib-
rium when multiple equilibria exist. We do not verify uniqueness of the equilibrium; thus our
simulation results are conditional on this particular equilibrium selection rule. The identified
set derived from our restrictions is valid regardless of equilibrium selection (Theorem 1), but

the finite-sample informativeness of the criterion may vary across equilibria.

We use v to denote the parameter to be identified. Following Theorem 1, we evaluate
the (sample analogue of the) tetrad criterion Q'*"2d(~) defined in (21), where the relevant
conditional probabilities py, and py are computed (i) in closed form under the baseline model,
(ii) by Monte Carlo integration over fixed effects under the FE-only model, and (iii) by sample
proportions under the full model. The identified set is the set of values for which the criterion
is non-positive, i.e. Q*rad(y) < 0.

Under the full model, we also implement the stronger criterion that enforces both sides
of the tetrad restriction under the parametric assumption on the logistic distribution of ¢;;,
as in Theorem 2; the resulting identified set is denoted by gtyict.

We evaluate the criterion functions on a finite grid of v values. The supremum is com-
puted by the GenSA algorithm under the baseline model and the FE-only model, while it is
computed by grid-search under the full model.
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6.2 Simulation Results

6.2.1 Baseline Model

Figure 1 shows how the value of the main criterion function Q(v) changes with v between
—10 and 10 when the true parameter is 79 = 1. In the figure, @) is plotted after shifting by
+1, so the identified set {7 : Q(y) < 0} corresponds to the region where the plotted curve

attains its minimum value of 1. The identified set for v is [1, 5].

1.75

Q)

1.25

1.00

Figure 1: Baseline criterion () as a function of ~.

6.2.2 FE-only Model

Table 1 reports the identifying results for v under the FE-only model (49) with fixed-effect
designs that vary (i) the dispersion of individual fixed effects and (ii) the strength of corre-

lation between individual fixed effects and observed individual characteristics Z;.

Table 1: FE-only model: Identified sets for v under alternative fixed-effect designs.

H @ (3) (4)

Correlation with Zy; No No Weak  Strong
SD of fixed effects (o4) 1 5 1 1
Identified set for v 1,7 [0,00) [1,6] [1,00)

Notes. The identified set is {7y : Q(v) < 0}. In correlated designs, A; = pZy; + u; with u; ~ N(0,0%); “no”,

“weak”, and “strong” correlation means p =0, p = 0.1, and p = 0.9, respectively.

Under the FE-only model, introducing unobserved heterogeneity substantially weakens

identification of v relative to the baseline model without fixed effects. In particular, while
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the baseline model yields a finite identified set [1,5] when the true value is 7y = 1, the
FE-only model produces noticeably wider sets that become sensitive to both the dispersion
and endogeneity of fixed effects. When fixed effects are uncorrelated with individual charac-
teristics and have small dispersion, the identified set remains bounded above but expands a
little compared to the baseline; increasing heterogeneity makes the upper bound disappear,
yielding one-sided identification. Holding dispersion fixed, correlation between the fixed ef-
fects and individual characteristics also weakens identification when the correlation is strong.
Overall, unobserved heterogeneity, especially when strongly correlated with observables or
with large dispersion, reduces the informativeness of the identifying criterion and tends to

eliminate finite upper bounds on v, but the sign of v can still be identified in all cases.

6.2.3 Full Model

Table 2 reports the identified sets obtained from both the main criterion @(y) < 0 and
the strict criterion (Theorem 2), using the Jaccard index as the endogenous covariate with

n = 100 and a single network draw.

Table 2: Full model: Identified sets for v (n = 100, vy = 4, Jaccard index).
1Z] Q(y) <0 Strict
3 (—o0, 28] (—oo, 24]
9 (—oc0,20] [-26, 18]
15  (—00,20] [-5, 19]
21 (=00, 17]  [4, 11]

Notes. (—oo, 7| indicates a lower endpoint at the search-grid boundary —40. Results are based on a single

network draw.

The identified set tightens as the support size | Z| grows, since more exogenous variation
enables more informative tetrad comparisons. At |Z| = 21, the strict identified set is [4, 11],
a bounded interval of width 7 containing the true value 79 = 4. This shows that the tetrad
restrictions can produce nontrivial bounds on the strategic-interaction parameter even with
endogenous covariates and unobserved individual fixed effects.

These results are preliminary: they are based on a single network draw at n = 100, and
the current design fixes [ at its true value and searches only over v, which does not address
the challenges of joint identification over the full parameter vector (/3,v). A more systematic
Monte Carlo study—varying network sizes, averaging across repeated draws, searching over
the full parameter space, and constructing formal confidence sets for the identified set (e.g.,
along the lines of Andrews and Shi 2013 and Chernozhukov, Lee, and Rosen 2013)—is under

investigation and will be reported in a subsequent version of this paper.
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7 Conclusion

This paper develops a tractable identification approach for strategic network formation mod-
els with endogenous network statistics and unobserved individual fixed effects. The main
idea is a “bounding-by-¢” construction applied to subnetwork configurations (tetrads, triads,
and more general weighted cycles), which produces moment-inequality restrictions without
requiring characterization of the equilibrium mapping. Section 4 gives primitive conditions
under which the high-level Assumption 4 holds, embedding the model in the sparse network
framework of Leung (2019) and establishing consistency of the tetrad conditional probability
estimator via a greedy packing argument.

Several directions for future work are under investigation. First, the central limit theo-
rems of Leung and Moon (2025) and Menzel (2021) can be used to develop formal inference
procedures for the identified sets, building on the econometric theory of inference based on
conditional moment inequalities (Andrews and Shi, 2013; Chernozhukov, Lee, and Rosen,
2013). Second, we are working on a more systematic set of Monte Carlo simulations in
order to provide a fuller picture of the finite-sample performance of our set-identification
approach as well as our point identification result (and the associated estimator). Third, we

are exploring real-world data sets for an empirical application of our proposed methods.
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A Proofs

A.1 Proof of Proposition 5

Proof. We prove the result using a packing argument. For a tetrad ¢ = (i, j, h, k), define its
dependence set
D, = U cr.
ae{i,j,h,k}

This is the set of all agents whose primitives can affect the tetrad outcome F;. Indeed, by
Assumption 8, each link among {4, j, h, k} is determined by the equilibrium on the strategic
neighborhood containing its endpoints, and all such neighborhoods are contained in Dj.
Since the connected components C, of the non-robustness graph partition N, each agent
belongs to exactly one component; however, the strategic neighborhoods C may overlap.
By the union bound and Assumption 9, E[|D,[] <> ., E[|CF]] = O(1).

Define a conflict graph Gp on the set of all tetrads with ¢, = (: two tetrads ¢,t’ are
adjacent in Gp if and only if D, N Dy # 0. Since Dy = |J,p Cof, the tetrads ¢ and t/
conflict if and only if at least one agent a € ¢’ satisfies C;7 N D, # (). Define the second-order
dependence set

DEQ) = {aeN,:CInD, #0}.
We now bound the two key quantities:

o Number of vertices. Since augmented types Z; = (Z;, A;) are i.i.d. (Assumption 1)
and zg lies in the finite support of Zg, the number of tetrads with Zg = zg is N =
(n)P(ZS = ZS) = @(n4)

4

e Average degree. A tetrad t’ conflicts with ¢ only if at least one agent of ¢’ lies in D,§2). Un-
der the subcriticality condition of Leung (2019), |C;"| has exponentially decaying tails;
iterating the branching-process bound once more shows that |Dt(2)| also has bounded
expectation: E[|Dt(2)|] = O(1). Each agent in D can appear in at most ("gl) other
tetrads, so the expected degree of ¢ in Gp satisfies E[deg(t)] < ]EHD,?Z)H -n3 = 0(n?).
Since this bound holds for every tetrad ¢, the average degree in Gp is d = O(n?).
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By the Turdn bound, Gp contains an independent set of size at least N/(d + 1) >
O(n*)/O(n®) = O(n). That is, the greedy algorithm—which sequentially selects any
tetrad not conflicting with those previously selected—packs at least m, = O(n) tetrads
t1,...,tm, with pairwise disjoint dependence sets. (The greedy selection is deterministic
given the realization of (Z, A, ¢), so the selected tetrads are random. The key probabilistic
properties—independence and identical conditional means—hold for these selected tetrads
as shown below.)

Since Dy, N Dy, = 0 for s # &', the primitives determining each E;, are disjoint subcol-
lections of i.i.d. random variables (Zi across agents, ;; across pairs). By Assumption 8, the
equilibrium on each strategic neighborhood is determined only by the primitives within it.
Moreover, the endogenous covariates X;; for i, j € t; depend only on link outcomes incident
to i or j (Assumption 6). Any such link (i, k) with k& ¢ D, is robustly absent—since k is
not in any strategic neighborhood of a member of ¢;, we have Y;;, = 0—so X;; depends only
on primitives within D, . Therefore {1{F;, }}7" are mutually independent.

Moreover, because Z; = (Z;, A;) is i.i.d. across agents (Assumption 1), any two tetrads
with Zg = zg have the same conditional distribution of outcomes. The identical-mean
property holds because each E;, depends only on primitives within D;_ , and conditional on
Zs1. = 2s, the distribution of these primitives is determined by the i.i.d. structure of (Z;, &;;)

and does not depend on which tetrad was selected. In particular,
E[1{E,}| Zsy, = z5] = p"(z5) foralls=1,...,m,.

Since {1{E;,}}7'" are ii.d. Bernoulli random variables (conditional on Zg;, = zg for

all s) and m,, — oo, the strong law of large numbers gives

1

My

SOUEL} D p(z)

s=1

This establishes that an oracle with access to the packed tetrads could consistently estimate
p(”)(zs). Showing that the natural full-sample average over all observable matched tetrads
(a U-statistic) is also consistent requires additional arguments controlling the contribution

of dependent tetrad pairs; we leave this formal extension to future work. O

A.2 Proof of Lemma 1

Proof. We verify (42) for each e € E;. Under Assumption 10, X, depends on Y only through
products Y, Yy, where e = (a,b) and | # a, b. It therefore suffices to show that for each e € E;
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and each | € {i,j,h,k} \ e, the product Y,;Y}, involves at most one tetrad link—with the
other factor being a diagonal link that equals zero.

Covariate X;;: The only within-quadruplet agents are [ € {h,k}. For l = h: Y, - Y}, =
0-Yj, =0 (since Y;, =0). For l = k: Yy, - Yy, = Yix - 0 =0 (since Y, = 0).

Covariate Xpy: Within-quadruplet agents: [ € {i,j}. For l =i Yy - Yy = Vi - Yip =
0 Y =0. For I = ji Y- Yij = Vi Vi = Yip - 0 = 0.

Covariate X;,: Within-quadruplet agents: [ € {j,h}. Forl = j: Y;; - Yy, =Y., - Y =
Yij-0=0. Forl =h: Y, - Y, = 0- Yy = 0.

Covariate X;;,: Within-quadruplet agents: [ € {i,k}. Forl =i Y}, - Y, =Y,; - Yy, =
Yij-0=0. Forl =k: Y, - Y3, =0 Yy, = 0.

For all I ¢ {i,j, h,k}, the products Y;Y}, involve only links to outside agents, hence no
tetrad links. O]

A.3 Proof of Proposition 6

Proof. Write A(z) := (14 e )" for the logistic CDF. Fix an admissible tetrad (i, j, h, k) €
T.. By Lemma 1, each X, for e € E; is a function of (Y_g,,Z) only. Combined with
Assumption 11, (Y_g,, Z) is measurable with respect to o(Z,e_g,). Since g, L (Z,e_g,) by

Assumptions 2 and 3, we have
EE, 1 <C7 Xt7 Y:iha Y} )

Therefore, conditional on (¢, X; = x;,Y;, = 0,Y), = 0), the four tetrad shocks remain
i.i.d. Logistic(0,1). Since A; = 0, the threshold for each link is 6. = Z!8y + 270, which
is deterministic given ((,z;). The four tetrad links are therefore mutually independent

Bernoulli:
Ye | (Co2,Yin =0,Y, =0) ~ Bernoulli(A(ée)), independently for each e € E;.
By the product formula for independent Bernoulli trials:

p+((, xt) _ H A(ée) . H 1 - A(ée)

p-(C,z) ec{ij,hk} 1= AQ) ec{ik,jh} A(0e)
The logistic odds identity A(x)/[1 — A(x)] = e then yields
) x !/ /
B2 expf(By + 0) — (B + )] = xH(AZ'fo + AX").
—\5y &t
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giving (45).
The equation log[p, (¢, xz¢)/p—(C, x)] = (AZ, AX ) (Bo, o) is a system of moment equali-

ties indexed by (¢, z¢). Under the rank condition, this system has a unique solution. O]

A.4 Proof of Theorem 4

Proof. Fix an admissible tetrad (i,j,h,k) € T,. The argument of Proposition 6 extends
directly. By Lemma 1 and Assumption 11, each X, (e € E;) is measurable with respect
to 0(Z,A,e_p,), and hence e, L (¢, A, Xy, Y, Yj,). Conditional on (Z,A,Y_g,), the four

tetrad links are independent Bernoulli with
]P)(Yve =1 | Z7A7 Y—Et> = A(5€ - Ai(e) - Aj(e))'

By the above and the logistic odds identity:

P(tetrad | Z, A, Y _g,)
P(flipped | Z, A, Y_g,)

— exp| A0 — ((Ai + A7) + (A + Ay) = (Ai + A) = (4 + 4)) |

=0

= exp(AZ' By + AX'y).

The ratio does not depend on A.

Now, since exp(AZ'Sy + AX'v) is constant given (¢, z;)—it depends on A neither di-
rectly nor through X; (which is held fixed by the conditioning)—it factors out when taking
expectations over (A,Y_p,) conditional on ((,zy, Yip =0, Y, = 0):

pi(¢ ) = E[P(tetrad | Z,A,Y_p,) | (2, Y = 0,Yj, = 0]
= exp(AZ' By + AX'v0) - E[P(flipped | Z, A,Y_p,) | {, 2, Yin = 0,Yj, = 0]
=exp(AZ' By + AX y0) - p_(C, ).

Taking logs yields (46).

Finally, the same rank argument as in Proposition 6 delivers the desired result. O]
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